We construct an analytic continuum Hamiltonian for electrons of twisted bilayer graphenes under arbitrary lattice deformation. Starting from the tight-binding model, we derive the interlayer Hamiltonian in the presence of general lattice displacement, and obtain a long-wavelength continuum expression for small twist angles and smooth deformation. We show that the continuum model correctly describes the band structures of the lattice-relaxed twisted bilayer graphenes. We apply the formula to the phonon vibration, and derive an explicit expression of the electron-phonon matrix elements between the moiré band states and the moiré phonon modes.
I. INTRODUCTION
Twisted bilayer graphene (TBG) is a rotationalystacked graphene bilayer system governed by a nanoscale moiré interference pattern between the mismatched layers. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] The physical properties of TBG are sensitive to lattice distortion, because a slight change in the atomic lattice is magnified to a big deformation in the moiré pattern, resulting in a significant influence on the electronic system. The actual atomic configuration of the real TBG is not a simple stack of rigid graphene layers, but it contains a triangular AB/BA-stacking domain structure as a consequence of spontaneous lattice relaxation. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Such a structural deformation strongly affects the electronic band structure. 20,22-26 , The moiré pattern plays an important role also in the lattice vibration. While the wide-range phonon spectrum of TBG resembles that of regular AB-stacked bilayer graphene [27] [28] [29] [30] , the detailed phonon structure is actually subject to a significant influence from the moiré effect. 31, 32 In the low-energy acoustic branch, in particular, the phonon spectrum is reconstructed into superlattice minibands ruled by the moiré period, where the eigen phonon modes can be regarded as effective vibration modes of the triangular domain structure. 32 These moiré phonon modes are expected to strongly interact with the flat band electronic states and affect the correlated phenomena. [33] [34] [35] The electron-phonon interaction in TBG is theoretically studied by considering bare phonons without superlattice modulation 29, 30, [36] [37] [38] , while the effect of the reconstructed moiré phonon modes is not well understood.
The purpose of this work is to develop a general continuum model for TBG with arbitrary lattice deformation, including lattice relaxation and phonon vibrations. The electronic properties of TBGs have been mostly studied by the continuum model, 1, 6, 7, 9, [39] [40] [41] [42] which can efficiently describe the band structure by capturing the long-wave components. However, the continuum model was originally derived for rigid TBGs, and the extension to deformed TBGs is necessary to study the above issues. Inclusion of the relaxation effect in the continuum model has been considered in very recent works. 24, 25, [43] [44] [45] [46] In this paper, we construct an analytic continuum Hamiltonian for TBGs under arbitrary lattice deformation. Starting from the tight-binding model, we derive the interlayer Hamiltonian matrix as an analytic function of lattice displacement vectors. We then apply the continuum model to the relaxed TBGs with domain structure 20 , and demonstrate the energy band of the original tight-binding model is correctly reproduced. Lastly we apply the formula to the phonon vibration, and obtain the electron-phonon matrix elements for the moiré phonon modes in relaxed TBGs.
The paper is organized as follows. In Sec. II, we present a general theoretical treatment to describe the electronic coupling between deformed graphene layers, and write down the interlayer matrix elements for arbitrary lattice displacement [Eq. (10) ]. We then obtain its longwavelength expression in a simple form [Eq. (22) ], which is valid for small twist angles and smooth deformation. In Sec. III, we apply the continuum Hamiltonian to relaxed TBGs and calculate the band structure. In Sec. IV, we derive the quantized Hamiltonian for the lattice vibration of the relaxed TBG, and then obtain the explicit formula for the matrix elements between the electrons and the quantized moiré phonons.
II. CONTINUUM HAMILTONIAN OF TBG WITH LATTICE DEFORMATION

A. Lattice geometry
Let us consider a TBG with twist angle θ, and define its non-distorted structure by bilayer of intrinsic monolayer graphenes stacked with the graphite's interlayer spacing d 0 = 0.335nm and in-plane rotation by ∓θ/2 for layer 1 and 2, respectively. We take x, y axes on the graphene layer, and z axis perpendicular to it. The primitive lattice vectors of layer 1 is defined by a (1) i = R(−θ/2)a i and those of layer 2 by a (2) i = R(θ/2)a i (i = 1, 2), where a 1 = a(1, 0) and a 2 = a(1/2, √ 3/2) are the lattice vectors before the rotation, a ≈ 0.246 nm is the graphene's lattice constant, and R is the rotation matrix. The unit cell area of monolayer graphene is given by S 0 = |a 1 ×a 2 |. The primitive reciprocal lattice vectors of layer l are a * (l) i = R(∓θ/2)a * i , where a * 1 = (2π/a)(1, −1/ √ 3) and a * 2 = (2π/a)(0, 2/ √ 3) are those for non-rotated graphene. Each graphene layer contains two sublattices labeled by X = A, B in its own unit cell. In the absence of the lattice distortion, the positions of sublattice X on layer l are given by
Here m 1 and m 2 are integers, and τ (l) X is the relative sublattice position inside the unit cell, which are given by τ (1)
Here e z is the unit vector in z direction, and d 0 is the interlayer spacing in the absence of distortion, which is set to the interlayer distance of graphite, 0.334nm.
In a small angle TBG, a slight mismatch of the lattice periods gives rise to a moiré interference pattern. The reciprocal lattice vectors for the moiré pattern is given by
. Figure 1 (a) shows the folding of the Brillouin zone, where two large hexagons represent the first Brillouin zones of layer 1 and 2, and the small hexagon is the moiré Brillouin zone of TBG. The graphene's Dirac points (the band touching points) are located at K (l) ξ = R(∓θ/2)K ξ with ∓ for layer 1 and 2, respectively, where K ξ = −ξ[2a * 1 + a * 2 ]/3 = −ξ(2π/a)(2/3, 0) is the Dirac points before rotation and ξ = ±1 is the valley index. In a small twist angle, K 
B. Interlayer Hamiltonian under general lattice distortion
Here we derive the general formula, Eq. (10), which describes the interlayer coupling between the Bloch states in TBG in the presence of arbitrary lattice distortion. We define u (l) X (R) as displacement vector of an atomic site of sublattice X on layer l, which is originally located
X can be a three-dimensional vector in general. We expand the displacement vector in the Fourier series as u (l)
where the summation in q is taken over two-dimensional wave numbers.
Let |R be a carbon p z orbital at site R. We define the Bloch bases under the lattice distortion as where k is a two-dimensional Bloch wave vector, and N = S/S 0 is the number of graphene's unit cells per layer in the total system area S. We assume the interlayer hopping from |R (1) to |R (2) is given by
and define the three-dimensional Fourier transform as
where p = (p x , p y , p z ) is a three dimensional wave vector.
In the actual band calculation in Sec. III, we will use the standard Slater-Koster form for T (R),
Here e z is the unit vector perpendicular to the graphene plane, a 0 = a/ √ 3 ≈ 0.142 nm is the distance of neighboring A and B sites, and the parameter V 0 ppπ ≈ −2.7 eV is the transfer integral between the nearest-neighbor atoms on graphene, and V 0 ppσ ≈ 0.48 eV is the transfer integral between vertically located atoms on the neighboring layers of graphite, r 0 = 0.184a is the decay length of the transfer integral. 39 The interlayer matrix element between the Bloch bases is written as
We replace u
X ′ (R ′ ) with its Fourier transform in Eq. (2), and expand the exponential functions such as exp(ip · u q e iq·R ) in a Taylor series as
Then we can take the summation over the lattice points by using
where p is xy-component of p, and the summation in g is taken over all the reciprocal lattice vectors g = m 1 a * (l) 1 + m 2 a * (l) 2 . Using these, we obtain a formula
where g = m 1 a * (1) 1 +m 2 a * (1) 2
with Q ′ = Q + p z e z . Here {q 1 , q 2 , · · · } is a set of the two-dimensional wave numbers in which u (l)
X,q has finite Fourier amplitudes. Eq. (10) simply means that the Bloch states of the layer 1 and layer 2 are coupled when
and its coupling amplitude is given by Γ
. The higher order terms in n i and n ′ i in Eq. (11) quickly decay as long as |Q ′ · u (l) X,qj | is sufficiently small, and it is the case in TBGs considered below.
When the displacement vector is along in-plane direction (i.e., u
where
is the two-dimensional Fourier transform of T (r) on a plane parallel to xy at fixed height z.
In the absence of the displacement (i.e., u (l) X = 0), the terms in the Taylor series remain only when n j = n ′ j = 0, and Eq. (10) becomes (15) which is the interlayer Hamiltonian of non-distorted TBG in the earlier works. 6, 40 C. Continuum Hamiltonian for small twist angles Eq. (10) is the general formula which works for any twist angles with arbitrary displacement vectors. Here we will derive a long-range approximate form, Eq. (22) , which is valid for small twist angles and long-range displacement. In the following, we assume that the moiré period much greater than the atomic scale, and also that u (l)
is a smoothly varying function compared to the atomic scale.
We first consider the non-distorted case, u (l) = 0. In Eq. (15), the Bloch states at k (layer 1) and k ′ (layer 2) are mixed when k + g = k ′ + g ′ , and then the coupling amplitude is given by t (k + g; d 0 ). Here only a few terms are relevant in the summation over g and g ′ , because the function t (k + g; d 0 ) quickly decays for large |k + g|. When we start from k ≈ K ξ to consider a low-energy state near the Fermi energy, the dominant coupling occurs in three cases (g,
). Figure  1(b) shows the positions of k, k ′ and k + g for an initial vector k = K
(1) + . The corresponding k + g is close to three equivalent corner points of the first Brillouin zone of non-rotated graphene,
By neglecting a small shift, we can replace k + g with Q j in t (k + g; d 0 ) of Eq. (15) . This gives the widely-used continuum model for the non-distorted TBG. 6 The same approximation can be used in the presence of a long-range lattice distortion u (l) . When q's in u (l) q are much shorter than 1/a (i.e., u (l) (r) is smoothly varying compared to a), we can neglect a small shift n 1 q 1 +n 2 q 2 + · · · in Q in the coupling amplitude Γ (n ′ 1 ,n ′ 2 ,··· ) (n1,n2,··· ) (Q). Then we can replace Q with the above three Q j 's in Eq. (10) to obtain,
where δk j (= g − g ′ ) is given by
and M j X ′ X (= e −ig·τ (1)
X ′ ) is
where ω = e 2πi/3 and M j stands for
In the real space representation, Eq. (17) is simply expressed as
where u − = u (2) − u (1) is the interlayer asymmetric displacement vector between the two layers. From Eq. (17) to Eq. (22), we used δ k ′ ,k+q = (1/S) d 2 r e i(k+q−k ′ ) , and applied Eq. (8) inversely, and finally used Eq. (14) for the integral in p z . Note that the interlayer Hamiltonian matrix of U only depends on the asymmetric displacement u − , but not on the symmetric part u + = u (2) + u (1) . In in-plane distortion (i.e., u
is circularly symmetric. In the present hopping model of Eq. (6), we have t 0 = 0.104 eV. The total continuum Hamiltonian of TBG for the valley ξ can be written in a 4 × 4 matrix for the basis of (A 1 , B 1 , A 2 , B 2 ) as
Here U is given by Eq. (22) . The H l (l = 1, 2) is the intralayer Hamiltonian of layer l, which is given by the two-dimensional Weyl equation centered at K
where ± is for l = 1 and 2, respectively, v is the graphene's band velocity, and σ x , σ y are the Pauli matrices in the sublattice space (A, B). We take v/a = 2.1354 eV. 39 The A (l) is the pseudo-vector potential induced by the lattice strain, which given by [47] [48] [49] A (l)
where u
ppπ | is the nearest neighbor transfer energy of intrinsic graphene, and
where r is on the xy-plane. In the present model Eq. (6), we have β = a 0 /r 0 ≈ 3.14. In the Fourier representation, Eq. (26) becomes
whereŴ 
III. BAND STRUCTURE OF THE RELAXED TBG
Using the formula obtained above, we calculate the band structure of relaxed TBGs with the AB-BA domain wall formation. For the displacement vector, we use our previous calculation method 20, 32 which considers only inplane components, as the simplest approximation to describe the domain formation. Here u − (r) is assumed to have the same periodicity as the original moiré pattern,
where G = mG M 1 + nG M 2 are moiré reciprocal vectors. Figure 2(a) shows the k-space map of the Fourier components iu − G at θ = 0.817 • , where the triangular grid presents the moiré reciprocal lattice points and the length of the arrows is proportional to |u − G |. The u − has six-fold rotational symmetry as assumed in the calculation, and its direction spirals around the origin. Figure 2(b) is a logarithmic plot of the absolute value |u − G | as a function of the twist angle, where the numbers specify the different G vectors indicated in Fig. 2(a) . In twist angles larger than 1 • , the dominant contribution mostly comes from the shortest G (indicated by "1"). The higher harmonics becomes gradually relevant in θ < 1 • , where we see that the components at arctan(G y /G x ) = 0 • , 60 • , 120 • , · · · have relatively larger amplitudes than other directions. We also found that, in any twist angles, u − G and G are exactly perpendicular at the wave points with arctan(G y /G x ) = 0 • , 30 • , 60 • , · · · , and otherwise they are almost perpendicular with a few degree shift. In the calculation, we took 21 G-points per 1/6 sector [i.e., 0 ≤ arctan(G y /G x ) < 60 • ] for twist angles θ > 0.5 • , and 36 points for the two smallest angles, θ = 0.3 • and 0.4 • .
Using the above u − , the Hamiltonian for the relaxed TBG is obtained by using Eqs. (23) and (24) . We see a nice agreement between the tight-binding model and the continuum model, while also notice that a slight asymmetry between the electron side and hole side in the tight-binding result is ignored in the continuum model. Actually, it was recently shown that the electron-hole asymmetry can be taken into account by including k-linear term in the interlayer coupling. 43, 44 Our original expression for the interlayer matrix element Eq. (10) depends on the position of initial k through Q, but the k-dependence is dropped by replacing Q with constant Q j in Eq. (23). In the right panels, we show the band structure calculated by the original Eq. (10) with k-dependence included in the linear order, where we actually see that the electron-hole asymmetry is restored.
The role of the displacement vector can be understood by expanding the Hamiltonian in powers of the displacement vectors. Within the first order in u − , the interlayer matrix U of Eq. (23) is written as
By only taking the six dominant components of u − G [Fig.  2(a) ], we have
and u 1 is the absolute value of the leading u − G , plotted as curve 1 in Fig. 2(b) . We see that the in-plane distortion enhances the off-diagonal elements (AB and BA) while suppresses the diagonal elements (AA and BB) in the U matrix. This is interpreted as a consequence of the lattice relaxation, which maximizes the AB/BA-stacking area while minimizes the unfavorable AA/BB-stacking area.
Interestingly, a similar Hamiltonian with t < t ′ was also obtained by considering the out-of-plane distortion only. 25 In this case, the diagonal terms is reduced because the interlayer spacing at AA region is elongated and the local interlayer coupling is reduced. In the band structure, the difference between t and t ′ is responsible for the gap opening between the flat band and the excited bands 25, 50, 51 , and this is also true in the present case with the in-plane distortion, as shown in Fig. 3 .
IV. ELECTRON-PHONON INTERACTION IN THE RELAXED TBG
A. Quantized moiré phonons in TBG
Here we derive the Hamiltonian of moiré acoustic phonons in the relaxed TBG, by quantizing the classical motion of the lattice vibration. 32 The interaction between the quantized phonons and the electronic system will be argued in the next subsection.
We consider a long-wave, in-plane lattice vibration specified by the displacement vector, u (l)
l) (r, t) for layer l = 1, 2. We again assume u (l) z = 0. The Lagrangian of the system is given by L = T − (U E + U B ) as a functional of u (l) . The term T is the kinetic energy due to the motion of the carbon atoms,
where ρ = 7.61×10 −7 kg/m 2 is the area density of singlelayer graphene, andu i represents the time derivative of u i . The U E is the elastic energy of strained TBG given by 47, 52 
where λ ≈ 3.25 eV/Å 2 and µ ≈ 9.57 eV/Å 2 are graphene's Lamé factors 53, 54 , and u
i )/2 is strain tensor. The U B is the registrydependent inter-layer binding energy 20, 32 ,
where a * 3 = −a * 1 − a * 2 , and
The difference between the binding energies of AA and AB/BA structure is 9V 0 per area, and this amounts to ∆ǫ = 9V 0 S G /4 per atom where S G is the area of graphene's unit cell. In the following calculation, we use ∆ǫ = 0.0189 (eV/atom) as a typical value 12, 55 .
The Lagrangian L can be separated into the interlayer symmetric part and asymmetric part, which are associated with u ± = u (2) ± u (1) , respectively. Since the interlayer binding energy U B only depends on u − , the moiré interlayer coupling only affects the motion of u − while leaving u + unchanged from the intrinsic graphene. 32 In the following, we only consider u − sector of the Lagrangian. We consider a small vibration around the relaxed state, i.e.,
Here u − 0 (r) is the static relaxed state to minimize U B + U E , which was argued in Sec. III, and δu − (r, t) is a perturbational vibration around u − 0 . We define the Fourier transform
where G = m 1 G M 1 + m 2 G M 2 , and the factor 1/S is required to normalize the phonon operators introduced later.
We rewrite the Lagrangian in terms of u − 0 and δu − , and expand it into a series of δu − within the second order. The relaxed state u − 0 can be obtained by the variational principle [δ(U E +U B )/δ(δu − )] = 0. 20 We introduce the canonical momentum
where ρ r = ρ/2 is the reduced mass for the relative motion. The Hamiltonian H = q δp − q · δu − q − L can be written as
where G and G ′ run over the moiré reciprocal lattice vectors m 1 G M 1 + m 2 G M 2 , and MBZ represents the first moiré Brillouin zone spanned by G M 1 and G M 2 .
Here we use q f q = q∈MBZ G f q+G for arbitrary function f q . TheD is the dynamical matrix given bŷ 
Here a * jµ is the µ component of a * j , and h j G is defined by
For each q in MBZ, the eigen modes can be found by the secular equation,
where n is the mode index, ω n,q is the eigen frequency, and C n,q (G) = (C x n,q (G), C y n,q (G)) is the eigenvector normalized by G |C n,q (G)| 2 = 1. By applying a unitary transformation, 
We introduce the canonical quantization by [δũ n,q , δp n ′ ,q ′ ] = i δ n,n ′ δ q,q ′ . We define the phonon creation and annihilation operators a † n,q , a n,q by δũ n,q = 2ρ r ω n,q (a n,q + a † n,−q ) δp n,q = i ρ r ω n,q 2 (a † n,q − a n,−q ),
which satisfies [a n,q , a † n ′ ,q ′ ] = δ n,n ′ δ q,q ′ . Finally, the Hamiltonian becomes H = q∈MBZ n ω n,q a † n,q a n,q +
B. Electron-phonon matrix elements
The electron phonon interaction is contributed by the interlayer part and the intralayer part, where the former originates from the change of the moiré pattern and the latter from the strain-induced pseudo vector field. The interlayer part is obtained by replacing Eq. (23) with u − = u − 0 + δu − and taking the first order in δu − . As we consider the long-range phonons here, the electron phonon scattering occurs only within a single valley ξ.
The change in the interlayer Hamiltonian Eq. (23) is written as
By using Eqs. (40) , (47) and (49), δu − can be expressed in terms of the phonon operators as,
Finally, the matrix element for the interlayer part of electron-phonon coupling is written as k ′ , X ′ , 2|H e-p |k, X, 1 = 1 S d 2 re i(k−k ′ )·r δU X ′ X (r) = n,q∈MBZ (a n,q + a † n,−q ) w n,q (k ′ , X ′ , 2; k, X, 1), (53) where w n,q (k ′ , X ′ , 2; k, X, 1) = t 0 1 S 2ρ r ω n,q 3 j=1 M j X ′ X G iQ j · C n,q (G) × 1 S d 2 r e i(k−k ′ +δkj +q+G)·r e iQj ·u − 0 (r)
On the other hand, the change in the intralayer Hamiltonian Eq. (25) is δH l = −ev R(±θ/2) δA (l) · (ξσ x , σ y ),
where ∓ is for l = 1 and 2, respectively, and δA (l) is the shift of the pseudo vector field Eq. (26), or
whereŴ q is defined in Eq. (29) . When we consider the interlayer asymmetric modes, we have δu (l) q = ∓δu − q /2 with ∓ for l = 1 and 2, respectively. We again use Eqs. (47) and (49) to write δA (l) in terms of the phonon operators. The intralayer part of electron-phonon coupling is finially written as k ′ , X ′ , l|H e-p |k, X, l ≡ 1 S d 2 re i(k−k ′ )·r (δH l ) X ′ X = n,q∈MBZ (a † n,q + a n,−q ) w n,q (k ′ , X ′ , l; k, X, l), (57) where w n,q (k ′ , X ′ , l; k, X, l) = ±ξ 3 8 βγ 0 1 S 2ρ r ω n,q × G R(±θ/2)Ŵ q+G C n,q (G) · (ξσ x , σ y )
where ± is for l = 1 and 2, respectively.
V. CONCLUSION
We constructed a theoretical framework to model the TBGs with lattice deformation and vibration. Starting from the tight-binding model, we write down the interlayer matrix element as a function of arbitrary lattice displacement [Eq. (10)], and then obtain its long-wavelength continuum expression [Eq. (22) ]. The general formula Eq. (10) works for any twist angles with arbitrary displacement vectors, and a similar theoretical treatment would be applicable to any two dimensional interfaces of van der Waals materials. The long-range version, Eq. (22), has a simpler form and it is useful to describe the low-angle TBGs with smooth lattice deformation. We actually demonstrated that the lattice relaxation effect can be implemented into the Hamiltonian by using Eq. (22) , and the obtained model precisely reproduces the band structure of the original tight-binding model. Finally, we applied Eq. (22) to the phonon problem, and derived the matrix element between the electrons and moiré acoustic phonons. The formula would be useful to describe various phenomena related to the electronphonon interaction. While we focused on the long-range acoustic phonons, the electron-phonon coupling for the short wavelength vibrations (such as the optical phonons) can be described by starting from the general formula of Eq. (10). We leave the detailed studies of these problems for future work.
VI. ACKNOWLEDGMENTS
